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The evolution of mixtures of interacting antipodes (e.g. chiral, sexual or elementary particle
antipodes), in the absence of higher than second order reactions and biased influences, is studied
by integrating the rate equation

d

E("v\') =e+n[fix+f,(1-x))+n[g x2+g,x(1 —x)+g5(1-x)?],

where x and (1 — x) are the relative amounts of the antipodes and » is the total amount, for

constant n and ¢, where g=1—4st/n with s=e+nf,+n>g;=0 and 7= 1/n(g, — g» + g3)-

X remains stationary if 7= oo. Monostability, i.e. evolution towards x = 3}, results if ¢ <0 or

g > 1, and bistability, i.e. evolution towards x=3 (1 Vq) for the initial conditions x Z 3,

respectively, if 0 < g < 1. Evolution towards x = 3 (x =0, 1) for t < 0 (7 > 0) results if g = 1.
Sequential mergers of systems with x =0, 1 and unequal sizes may in cases explain why, even

without biased influences, there often exists only one of the antipodes in our present world.

In some regions of the island Moorea, 10 miles to
the west of Tahiti, all the spiral shells of the land
snail Partula suturalis are dextral, in others they are
sinistral [1]. This is because courtshipping of pairs
with opposite chirality is unsuccessful, the penis
missing the genital aperture of the partner: If two
populations with different chirality mix, the mem-
bers of the smaller population will only in propor-
tion to the square of their smaller number courtship
successfully and will thus die out after some genera-
tions.

In trying to treat this phenomenon mathematical-
ly and in a broader context, I chose to formulate and
integrate a rate equation which has six terms on the
r.h.s., four of which are zero in the above case. This
equation reads

S v =etnlfix+ -]
+n g X2+ gax(1—x)+g3(1—x)7 (1)

and is to describe the evolution of any mixture of
antipodes (e.g. chiral, sexual or elementary particle
antipodes) if higher than second order reactions and
biased antipodal influences are absent. Here x and
(1 — x) are the relative amounts of the antipodes and
n is the total amount. The six rate coefficients can
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depend on n, 7, and also on x (1 — x) since then their
values do not change if in (1) x and 1 — x are inter-
changed. The sum of e, nf, and n’g; must be
positive or zero because something absent (case
x =0) can appear but cannot disappear. The other
three coefficients can be positive, zero or negative
without any restriction.

In 1953 Frank [2] has proposed a mechanism
which amplifies a slight deviation from equiparti-
tion (x = %) of optical antimers, this leading to homo-
chirality (x=0,1). Essential in his proposal are
eliminating pairwise encounters of the antipodes.
This he described by the rate equation

L i afseatpall= 5

dr

with positive f; and negative g>. In many later
publications on the subject, e.g. [3]—[8], it is the
negative term n® g, x (1—x) which brings about the
amplification, i.e. the evolution towards x=0 or
x = 1. Equation (1) includes this case.

In order to look for the consequences of (1), it

shall be assumed that
n = const. 3)

This assumption is not unrealistic if one thinks of
“saturated” systems, i.e. systems of constant size
which contain the maximum possible population
under given and constant external and internal

0340-4811 / 85 / 1200-1231 $ 01.30/0. — Please order a reprint rather than making your own copy.

Dieses Werk wurde im Jahr 2013 vom Verlag Zeitschrift fiir Naturforschung
@ @ @ in Zusammenarbeit mit der Max-Planck-Gesellschaft zur Férderung der
BY ND Wissenschaften e.V. digitalisiert und unter folgender Lizenz veréffentlicht:
Creative Commons Namensnennung-Keine Bearbeitung 3.0 Deutschland
Lizenz.

This work has been digitalized and published in 2013 by Verlag Zeitschrift
fiir Naturforschung in cooperation with the Max Planck Society for the
Advancement of Science under a Creative Commons Attribution-NoDerivs
3.0 Germany License.

Zum 01.01.2015 ist eine Anpassung der Lizenzbedingungen (Entfall der
Creative Commons Lizenzbedingung ,Keine Bearbeitung*) beabsichtigt,
um eine Nachnutzung auch im Rahmen zukiinftiger wissenschaftlicher
Nutzungsformen zu erméglichen.

On 01.01.2015 it is planned to change the License Conditions (the removal
of the Creative Commons License condition “no derivative works”). This is
to allow reuse in the area of future scientific usage.



1232

conditions. By adding

-;j—[[n(l —x)]=e+n[fi(l —x)+/f2x]
+n%gi(1 = x)*+ gax(1 —x) +g3x7]
to (1) and putting dn/d7 = 0 one obtains
fH==2(e/n) = fr= nlgi+g;
—2(91—92+g3) x(1 = x)]. (4)

Before going on with the treatment of the rate
equation, the dependence of f; on x given by (4)
shall be discussed for three special cases:

(i) fH=—-ngi[1-2x(1-x)]:

In this case, if f; stands for deaths only, the number
of births per unit time of the two species together is
n’g; [x*+ (1 — x)?]. If g, is constant, this number is
for x =0, | twice that for x = 1. Therefore the mean
life time — ;™! for x=0.1 must be half that for
x =7 if n is to be constant, as indeed results from
fi==ng [l =2x(1 —x)]: Starvation reduces the
mean life time of both species when the number of
births per unit time increases.

g1>0.

(i) fi=—ng2x(1—x);

This yields f;=0 for x=0,1 and fy=—1ng, for
x=%. Here f) is the sum of two rate coefficients,
which correspond to the autocatalytic production of
the species and that part of the decay of the species
which does not take place via the “lethal” encoun-
ters with antipodes. For x = 0, | the latter channel is
dried out and f; must be zero if n is to be constant.

g2<0.

(1) fi=—ng3[l1=2x(1-x)]; g3;>0.
In this case, if g3 is constant, the same discussion
holds as in case (1).

Insertion of (4) into (1) yields the rate equation

for constant n

tldi=[3(1-¢)—3(3—¢) x+3x?—2x%""dx

(5)
with
t=1/(ng,—ng,+ ngs) ()
and
g=1—4s1/n, (7)
where
.s'=e+n_/§+n2g3§0. (8)
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In order to perform the integration of the r.h.s. of
(5) one has to assume that

g = const. , 9)
which is certainly true if s=0 (¢ = 1). By using the
identity

1 1 " 2 -1
s(1-9)—5B—-¢g)x+3x"—2x
Fd-9—30C6-9) ] (10)
2 1 3 1
x=3(1-Vg)  x-30+Vp [

=(] n I
X%

one obtains

x=3{1t¢"[1-aexp(-¢g2]"? (D
with
4
z=frldr. (12)
0

As for the integration constant a in (11), two cases
have to be distinguished:

(1) ¢ > 0.

According to (5), the function dx/dt has two
extrema:

%(%)=0 for x=1(1%)q/3). (13)
On chosing the origin of time such that
x=3(12})¢q/3) for t=0,
(11) becomes
x=11%£q"2[1+2exp(—¢2)]'2. (14)
Asymptotic forms of (14):
Y~ 3 {1+ (g/2)%exp(qz/2)} for gz<—1, (15)
v 1{ltqg"?[l—exp(—q2)]} for gz>1. (16)

On chosing the origin of time such that x=0, 1 for
t=0,(11) becomes

x=3{1£¢"[1-(1-g exp(-¢2))7". (17
Asymptotic form of (17):
xx3{l2q2[1+3(1-g) exp(—g2)]}
for gz>1. (18)

(i1) g <O.

On chosing the origin of time such that x =0, 1
fort=20.(11) becomes

x=311% ¢"[(1+ g)exp(q 2)— 117"}, (19)
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Fig. 1. Dependence of the relative amount x of an antipode
on the time  according to (14) and (17) for three positive
values of ¢ as defined by (7). The arrows indicate the
direction of the evolution.

Fig. 2. Dependence of the relative amount x of an anti-
pode on the time ¢ according to (19) for three negative
values of ¢ as defined by (7). 71s positive.
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Asymptotic form of (19):

xx3{lE[q/(1+(g)]"exp(-7 ¢ 2)]

for g z>1. (20)

The equations (14) and (17), which hold for
q > 0, are illustrated in Fig. | for three values of ¢. If
q < 1. tis positive, if ¢ > 1 it is negative, and if g=1
it may be positive or negative (cf. (7)). The corre-
sponding different directions of the evolution are
indicated by arrows in Fig. 1. Curves for three
negative values of ¢ as obtained from (19) are
shown in Fig. 2. Here 7 is always positive.

In the case g =1, i.e. s =0 the r.h.s. of (5) can be
integrated without bothering about 7, which means
that a time dependence of 7 is allowable. For the
sake of this case the time integral has been left
standing in Fig. 1.

If g% 1, ¢ depends on s 7, and since it is very
improbable that s ~1/7 one has to assume that s
and 7 are constant separately in order to enable the
integration of the r.h.s. of (5). Therefore in Fig. 2
the time integral has been replaced by ¢/7.

The results as to the mono- and bistability of the
mixtures can be summarized as follows:

The relative amount x of an antipode remains
stationary if 7= oo. Monostability, i.e. evolution
towards x = 1, results if ¢ <0 or ¢ > 1, and bista-
bility, i.e. evolution towards x =1 (1% }g) for the
initial conditions x = % respectively, if 0 < g < 1. If
¢ =1, the mixture evolves towards x =7 for t <0
and towards x = 0,1 for 7 > 0.

During the evolution of the world the bistability
of certain mixtures of antipodes interacting accord-
ing to ¢g=1 and 7> 0 may have lead to regions
where x =1, and other regions where x =0, one
kind being perhaps a little more frequent than the
other one due to biased influences, resulting e.g.
from the electroweak interaction (cf. [6]—[8]). If the
populations of two such regions merge at a certain
time, it is decisive which of the two is the bigger
one. Let be x,=1 in a region A with the population
na and xg= 0 in a region B with the population ng.
If these populations mix, the resulting x-value will
be at first xo= na/(na+ng) and will evolve to
x=1,0 for xo = 1, respectively. Successive merges of
this kind may have lead to the extinction of certain
antipodes in our known world, its features in this
respect seeming to be the result of fortuitous histor-
ical events rather than of a physical necessity.
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From the knowledge of the equilibrium composi-
tions of bistable antipodal mixtures follows 7> 0
and the value of the product s/n. If the mixture is
monostable there follows that either 7 <0 or
s7/n > ;. Observation of the evolution of antipodal
mixtures would give information about the values
of s and 7 separately. The interesting question, how-
ever, which specific rate coefficients are involved,
can only be answered by studying the interactions
themselves, as has been done in the case of Partula
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suturalis, where g, > g, follows already from the
existence of the stable homochiralities but only
careful laboratory observations of the courtshipping
of these snails [9] could prove that g, = 0.
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